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Featured Application: The presented results can be used in designing of single-phase high-speed
electrical drives.
Abstract: Single-phase motors are used in low-power, cost-effective, variable-speed applications.
As a replacement to traditional single-phase synchronous motors with magnets on the rotor,
single-phase flux reversal motors (FRMs) with a rugged and reliable toothed rotor are considered for
the high-speed applications. However, torque pulsations of single-phase motors are high. The aim of
this work is to minimize the torque ripple and increase its minimum instantaneous value, as well as to
reduce FRM losses. To solve this problem, an asymmetric rotor is used, and an objective function
is proposed, which includes parameters characterizing the pulsations of the torque and the loss
of FRM for two load conditions. To optimize the single-phase FRM and minimize the objective
function, the Nelder–Mead method was applied. The optimization criterion was selected to maximize
the efficiency, to reduce the torque ripple, and to the avoid the negative torque in a wide range of
powers at the fan load (quadric dependence of torque on speed). Two operating loading modes
are considered. After two stages of optimization, the peak-to-peak torque ripple in the FRM in
the rated loading mode decreased by 1.7 times, and in the mode with reduced load by 2.7 times.
In addition, in the FRM before optimization, the torque has sections with negative values, and in
the FRM after optimization, the torque is positive over the entire period. Although losses in the rated
mode increased by 4%, when underloaded, they decreased by 11%, which creates an additional
advantage for applications that work most of the time with underload.
Keywords: electric machine design; flux reversal motor; high-speed motor; machines with magnets
on the stator; mathematical modeling; optimal design; single-phase motor; special electric machines
1. Introduction
Single-phase motors are used in low-power, cost-effective, variable-speed applications. Various
types of single-phase motors with magnets are known, such as a synchronous motor with magnets
on the rotor surface [1–5] and motors with magnets on the stator [6–21]. The main advantage of
single-phase motors compared to three-phase motors is the cheaper single-phase frequency converter.
The main disadvantage of the single-phase machines is a low starting torque. Since the single-phase
motors are cheap, they are used in low-cost variable speed drivers, such as fans [1,2], compressors [3],
pumps [4], vacuum cleaners [5], and other household appliances and fluid machinery in which a high
starting capability is not necessary.
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The torque ripple of single-phase synchronous motors is much higher than that of three-phase
motors. For instance, the torque ripple of the single-phase synchronous motor is 90% in [22] and 168%
in [23], while that of the three-phase motor in [24] is 6.3%. The torque ripple of the brushed universal
motor (AC commutator motor) is higher and can reach 300%, while the sign of the torque is the same
during the entire electric period [25,26]. So, single-phase synchronous motors with lower torque
ripple than of universal motor and with the torque of constant sign is an acceptable replacement for
universal motors.
In high-speed applications, such as blowers, vacuum cleaners [5], and turbochargers [27,28],
the rotors of these machines are designed with a retaining ring, which is mandatory in machines with
permanent magnets on the rotor to withstand centrifugal stress and to ensure rotor durability [29].
However, the use of the retaining ring on the rotor increases the complexity and the cost of the rotor
manufacturing. Furthermore, the use of the retaining ring leads to an increase in the equivalent air gap
(the distance between the stator teeth and the permanent magnets), and to a decrease in the magnetic
flux density in the air gap, the efficiency and the specific torque of the machine.
As a replacement to the single-phase synchronous machines with magnets on the rotor, motors
with a rugged and reliable toothed rotor are considered for the high-speed applications [6–8]. One of
these motors is a single-phase hybrid switched reluctance motor (HSRM) with magnets fixed on
the stator, developed for a blender and described in [8].
In contrast to synchronous motors with magnets on the rotor, the HSRM has a simple toothed
rotor without any magnets. The torque ripple of the single-phase HSRM [8] is 168%, and its torque is
of constant sign throughout the entire electric period.
Regardless of the above-mentioned benefits of the HSRM over traditional single-phase motors,
its drawback is that it is supplied by unipolar voltage pulses, while traditional synchronous motors are
supplied by the bipolar AC voltage. As a result, to reach the same peak-to-peak value of the HSRM
stator current, its root mean square (RMS) and maximum values need to be significantly higher than
those of a similar single-phase traditional synchronous motor. Because of this, the cost and the size
of the converter for the HSRM increase. The power losses in the converter and in the stator winding
also increase.
Single-phase flux reversal machines (FRMs) have certain benefits over the HSRM and traditional
synchronous motors. In contrast to traditional synchronous motors, an FRM has a simple and reliable
toothed rotor similar to that of the HSRM. The use of permanent magnets mounted on the stator
reduces its size and mass compared to the HSRM. Moreover, like traditional synchronous motors
with magnets on the rotor, the FRM is supplied by bipolar voltage pulses. Current pulses of different
signs in the FRM winding can occupy a larger part of the electrical period than in the HSRM. For this
reason, the amplitude and RMS value of the FRM stator current decrease compared to the HSRM [9].
These make it possible to apply the switchers of a lower power in the frequency converter for the FRM.
In addition, the DC-AC converter for an FRM has a lower power loss. Therefore, a smaller heat sink
can be used, and the sizes of the converter can be smaller than in the case of the HSRM [9].
In recent years, many examples of three-phase FRMs have been discovered [10–13]. The three-phase
motors, however, demand a more costly power converter and a more complex control. For this reason,
the use of a single-phase FRM with the simple power converter and control configurations is preferred
in the targeted applications.
Besides, all known three-phase FRMs [10–13] with an even number of the stator and rotor teeth
have many poles and cannot be applied in high-speed applications due to high supply frequency, high
losses in the steel and in the magnets.
Design of a single-phase FRM is not so often discussed in the literature. At present, only several
various configurations of a single-phase FRM are known. The first basic configuration of a single-phase
FRM was described in [14,15].
This motor design includes two teeth on the stator and three teeth on the rotor. Permanent magnets
forming two poles on each of the stator teeth are installed on their surface. However, the single-phase
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FRM configuration presented in [14] demonstrates the following drawbacks: (1) Only two-thirds of
the internal surface of the stator are used; (2) the lifetime of the bearings decreases due to the radial
force arisen from the asymmetry of the motor structure. These problems of the FRM [14] were resolved
by another single-phase FRM described in [16,17].
In [17], a single-phase high-speed FRM was optimized for fan load in order to reduce losses
(increase its efficiency). The torque pulsations in [17] were not included into the target function,
therefore, their value is extremely large and equal to 335%. In addition, in the FRM [17], there is
an interval at which the motor torque is negative.
In [21], a new design of a single-phase FRM with the asymmetric rotor was described to reduce torque
pulsations. The new single-phase FRM with the asymmetric rotor was compared with the single-phase
FRM with the symmetric rotor. In the rated mode, the calculated torque ripple for an asymmetric
rotor FRM was reduced by 1.6 times compared to a symmetrical rotor of the FRM. However, in [21],
the FRM was designed without using optimization methods; therefore, the characteristics of the FRM
can be improved.
The aim of this work is to minimize the torque ripple and increase its minimum instantaneous
value, as well as to reduce FRM losses. Few papers are dedicated to the optimization of single-phase
high-speed machines. The optimization of the 1.5 kW, 40 krpm single-phase with the response surface
method is considered in [30]. With the help of the optimization, the authors [30] tried to increase
the efficiency, however, the torque oscillations were not considered. The 500 W, 100 krpm single-phase
motor with magnets on the rotor is investigated in [31]. The authors decreased the cogging torque
and the EMF (electromotive force) ripple, but the data on the torque ripple and the efficiency are not
provided in [31]. In [32], the authors decreased the torque ripple, and achieved the positive torque
throughout the electric period, but the efficiency was not investigated in [32].
In this work, to solve the optimization problem, an objective function is proposed, which includes
parameters characterizing the pulsations of the torque and the loss of FRM for two load conditions.
To optimize the single-phase FRM and minimize the function, the Nelder–Mead method was applied.
After optimization, the torque ripple in the FRM in the nominal loading mode decreased by 1.7 times,
and in the mode with reduced load by 2.7 times. In addition, after optimization, it was possible for
the FRM to exclude sections with a negative value of the torque in the period. Although losses in
the rated mode increased by 4%, when underloaded, they decreased by 11%, which creates an additional
advantage for applications that work most of the time with underload.
2. Selection of Optimization Criteria for a Single-Phase Flux Reversal Motor
The goal of this optimization is to reduce the torque oscillations (TO) of a single-phase FRM.
By TO, we mean the deviations of the instantaneous values of the torque from its average value.
A traditional measure of this deviation is peak-to-peak value of torque ripple (PPTR). This criterion
has proved itself well for multiphase machines, for which TO are poorly expressed and, as a result,
negative values of the torque are absent on the entire period of the machine.
Single-phase motors [9,17,22,23,25,26] have significantly higher TO than three-phase
motors [24,33,34], and as a result, instantaneous torque values can be negative. In order to increase
the minimum value of the torque and, if possible, make it positive, in this paper, we introduce another
criterion of TO—average to minimum torque difference (AMinTD), i.e., average torque value minus
the minimum torque value in the given mode. Obviously, both the PPTR and AMinTD criteria
are positive.
In this paper, we consider the optimization of a single-phase FRM operating in the fan load
mode where the torque is proportional to the square of the speed. The considered speed range is
from 80% to 100% of the rated speed of 18,000 rpm. The motor rated power is 754 W. Table 1 shows
the characteristics of 2 considered modes of this range.
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In general, the average efficiency over operation modes can be calculated as:
η =
∑
i
piPmech,i∑
i
piPA,i
, (1)
where pi is the fraction of the time occupied with i-th mode; Pmech,i and PA,i.
Table 1. Motor operating points.
Mode Number Rotational Speed, rpm Torque, N·m Mechanical Power, W
1 14,400 (80%) 0.256 386
2 18,000 (100%) 0.4 754
It is assumed that the motor most of the time operates with underload, and the fraction of the time
occupied by the mode is approximately inversely proportional to real (active) power. On substituting,
pi ~ 1/PA,i, (1) turns into arithmetical average. To optimize FRM, the objective function was minimized:
F = A · B = < PPTR + 2·AMinTD > (1 − < Eff >), (2)
where A = < PPTR + 2·AMinTD >, B = 1 − < Eff > are optimization criteria, < x > = (x1 + x2)/2, means
the arithmetic average of two modes, Eff is the motor efficiency.
Criterion A provides a reduction in the torque oscillations, criterion B provides a reduction in
losses and an increase in motor efficiency. Both criteria are positive. The meaning of the multiplication
is that a 1% decrease in A is considered as valuable as a 1% decrease in B. To optimize the single-phase
FRM and minimize the target function (2), the Matlab implementation of the Nelder–Mead method
(function “fminsearch”) was used [35], since it does not require a gradient calculation and is applicable
to noisy objective functions. The Nelder–Mead method is an unconstrained algorithm, and the region
of the allowed parameters are not required. Only the objective function and the initial design must
be provided. The noisiness of the objective functions (2) is due to rounding errors in the calculation
based on the finite element method, as well as differences in the mesh for different calls to the objective
function. Figure 1 shows parameters describing the design of the motor.
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FRM is powered by a pulse-wise voltage of 320 V, 0 V, −320 V, 0 V. Moreover, the durations of
the positive and negative pulses are equal. The periods of zero voltages are also equal to each other.
In the simplest case, the middle of the voltage pulses falls on the rotor position in the middle between
two positions: when the middle of the rotor arc facing the gap is above the middle of the slot opening,
and when it is above the middle of the tooth (Figure 2a). Another optimization parameter is the shift
of the voltage pulses forward along the rotor rotation relative to this simplest case (Figure 2b).
Appl. Sci. 2020, 10, x FOR PEER REVIEW 5 of 16 
 
Figure 2. Supply voltage waveform: (a) basic case; (b) shifted pulses. 
The mathematical model of FRM based on the finite element method is described in detail in 
[18,20]. First, the calculation is performed without taking into account losses. Therefore, for each 
timestep and the corresponding rotor position, the flux coupled to the winding is calculated by 
integrating the voltage. Then, for each position of the rotor and its corresponding flux, the 
magnetostatic problem is solved. Losses are taken into account in postprocessing afterwards. Table 2 
shows the parameters that were not changed during optimization. 
Table 2. The FRM (flux reversal machine) parameters fixed during the optimization. 
Parameter Value 
Supply voltage, V 320 
Stator stack length L, mm 30 
Stator outer radius, Router, mm 25.5 
Stator slot width α3, degrees 61.2 
Stator slot width α2, degrees 30.5 
Δ, mm 0.007 
Magnet thickness, mm 1.5 
Air gap, mm 0.5 
Remanence, T 1.2 
s, mm 2 
s’, mm 3 
Rrot bot, mm 7 
Rinner, mm 3 
For the stator and rotor cores, electrotechnical steel 35PN440 [36] was chosen, the thickness of 
the steel sheet is 0.35 mm. To reduce eddy current losses in magnets, each pole was divided into 8 
segments over the cross section. 
Table 3. The FRM parameters varied during the optimization. Additionally, Rstat,middle = 0.5 ∙ (Rstat,slot + 
Rstat,inner). 
Parameter Before After 
Number of turns per phase 80 91 
Rstat,inner, mm 14 13.8 
Rstat,slot, mm 18 17.4 
Rstat,bottom, mm 22.5 22.463 
Figure 2. Supply voltage waveform: (a) basic ase; (b) shifted pulse .
The mathematical model of FRM based on the finite element ethod is described in detail in [18,20].
First, the calculation is performed without taking into account losses. Therefore, for each timestep
and the corresponding rotor position, the flux coupled to the winding is calculated by integrating
the voltage. Then, for each position of the rotor and its corresponding flux, the magnetostatic problem is
solved. Losses are taken into account in postprocessing afterwards. Table 2 shows the parameters that
were not changed during optimization. Table 3 shows the parameters varied during the optimization.
Table 2. The FRM (flux reversal machine) parameters fixed during the optimization.
Parameter alue
Supply voltage, V 320
Stator stack length L, mm 30
Stator outer radius, Router, mm 25.5
Stator slot width α3, degrees 61.2
Stator slot width α2, degrees 30.5
∆, mm 0.007
Magnet thickness, 1.5
Air gap, mm 0.5
Remanence, T 1.2
s, mm 2
s’, mm 3
Rrot bot, mm 7
Rinner, mm 3
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For the stator and rotor cores, electrotechnical steel 35PN440 [36] was chosen, the thickness of
the steel sheet is 0.35 mm. To reduce eddy current losses in magnets, each pole was divided into 8
segments over the cross section.
Table 3. The FRM parameters varied during the optimization. Additionally, Rstat,middle = 0.5 · (Rstat,slot +
Rstat,inner).
Parameter Before After
Number of turns per phase 80 91
Rstat,inner, mm 14 13.8
Rstat,slot, mm 18 17.4
Rstat,bottom, mm 22.5 22.463
Wstator1, degrees 8.1 15
αrot, degrees 35.4 17.6
w/w0 1 2.4119
w’/w0 1 0.56176
Voltage shift, electrical radians 0.06 0.017426
3. Optimization Results
The design of the FRM before optimization is shown in Figure 3a. The motor in Figure 3a was
designed without an optimization algorithm and is described in the article [9]. Figure 3b shows
the optimized design.
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Figure 4 shows the transient values of the torque depending on the rotor position for the odes
specified in Table 1. In both modes, the torque wavefor of the initial design takes negative values
approxi ately in the iddle of the first semi-period, while the optimization eliminates the negative
values throughout the period. is is c s i l a nonunifor airgap for ed by the line
seg ent 1– ( i re 1b) in the direction of rotation. e transfor ation of the shape of the back side
of the tooth with the line segment 1′– ′ (li se t t i ts ′ a 2′ in Fig re 1b) is not
significant. i r s 5 and 6 show t e transient values of the current and the voltage, depending on
the rotor p siti n f r modes specifi d in Table 1. Forms of currents befor and fter optimization are
almost identical.
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Figure 4. Torque dependencies on the rotor position before and after the optimization: (a) mode 1;
(b) mode 2.
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The change in the objective function (2) during optimization is shown in Figure 7. Changing
the parameters included in the objective function (2) during the optimization is shown in Figures 8 and 9.
Namely, Figure 8 shows the changes in motor efficiency during the optimization for modes specified
in Table 1, and Figure 9 shows the change in the motor torque oscillations during the optimization.
Figures show that the scattering of the parameters value becomes lower during the optimization that is
the optimization converges. Table 4 shows the FRM characteristics before and after the optimization.
In Figure 10, the losses for both FRMs in two different modes are presented. Mechanical losses
are estimated according to 5[W] nnrated + 10[W]
(
n
nrated
)3
, where n—rotational speed nrated—rated rotation
speed of rotor 18,000 rpm.
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Parameter Before Optimization(Figure 3a)
After Optimization
(Figure 3b)
Speed, rpm 14,400 18,000 14,400 18,000
Current, A (RMS) 6.42 8.68 6.06 8.48
Efficiency, % 84.3 85.0 84.2 84.2
Total losses, W 70.5 130.1 70.8 138.1
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Objective function, F 0.61884 0.32119
It can be seen from Table 4 and Figure 4 that PPTR in the rated mode decreased by 1.6 times,
and in the mode with reduced load by 2.6 times. In addition, for FRM before optimization, the torque
has sections with negative values, and for FRM after optimization, the torque is positive over the entire
period. The objective function F decreased by 1.9 times. However, FRM losses after optimization
increased by 6% in the rated mode. Therefore, optimization (hereinafter referred to as the first
optimization) was stopped and a second optimization was launched.
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4. The Second Optimization
As an initial approximation for the second optimization, the solution found after the first
optimization was used. Such a restart of optimization solves the following problems. First, the simplex
in the Nelder–Mead method can degenerate and the optimization process can slow down or stop before
reaching the extremum. Secondly, during optimization, some parameters may change slowly. It can be
expected that their change would be slow in the second optimization, therefore they can be excluded,
which will accelerate the optimization process. Namely, the parameters Rstat,inner and Rstat,bottom were
excluded. Thirdly, the optimization result is a compromise between the optimization criteria and one
of the criteria may even deteriorate due to improvement in others, which can be negatively assessed by
a person. To correct this situation, the objective function can be changed. Table 4 shows that despite
a decrease in the torque oscillations (criterion A), criterion B increased (mean efficiency decreased)
because of the increased copper losses. Therefore, the following optimization criterion was applied:
F2 = A · B3 = <PPTR + 2·AMinTD> (1 − <Eff>)3. (3)
Fourth, when deleting some optimization parameters, it becomes possible to add new optimization
parameters. The most significant losses are encountered in the winding (see Figure 10). Thus, we can
assume that the change of the slot area significantly affects the efficiency. Therefore, the parameter
Wstator 3 was added to the variable parameters. Figure 11 shows the FRM design after second
optimization. Table 5 shows the FRM characteristics before and after the second optimization.
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Table 5. The FRM parameters varied during the second optimization.
Parameter After First Optimization(Figure 3b)
After Second Optimization
(Figure 11)
Number of turns per phase 91 115
Rstat slot, mm 17.4 18.8
Wstator 1, degrees 15 12.6
Wstator 3, degrees 61.2 72.9
αrot, degrees 17.4 18
w/w0 2.4119 2.63
w’/w0 0.56176 0.471
Shift, electrical radians 0.017426 0.0146
The change in the objective function (2) during the second optimization is shown in Figure 12.
The scattering and the changes in its value are almost stopped in the end of the second optimization,
which means that the optimization process is almost over. The increase in the efficiency and the decrease
in the torque oscillation are seen in Figures 13 and 14.Appl. Sci. 2020, 10, x FOR PEER REVIEW 11 of 16 
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Figure 15. Torque dependencies on the rotor position before and after the second optimization:
(a) mode 1; (b) mode 2.
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it can be seen in Table 6 and Figure 18, the second optimiza ion results are not only in a decrease
in th parameter A (d crease in TO), but also in decrease in the param ter B: the efficiencies in both
modes increases not only compared with the result of the first optimization, but even compared with
the initial design. The increase in the efficiency is obtained due to the decrease in the copper losses.
Appl. Sci. 2020, 10, x FOR PEER REVIEW 13 of 16 
in both modes increases not only compared with the result of the first optimization, but even 
compared with the initial design. The increase in the efficiency is obtained due to the decrease in the 
copper losses. 
 
Figure 18. Losses for both FRMs in two modes. 
As can be seen from Table 6, after changing the target function, it was possible to significantly 
increase the efficiency of the FRM by increasing the slot area and reducing the losses in the winding 
(Figure 10). In addition, the ripple of the torque in the rated mode decreased by 11%. The target 
function F2 (3) decreased by 1.3 times after the second optimization. 
Table 6. The FRM characteristics before and after the second optimization. 
Parameter 
After first optimization 
(Figure 3b) 
After second optimization (Figure 11) 
Speed, rpm 14,400 18,000 14,400 18,000 
Current, A (RMS) 6.06 8.48 4.44 6.61 
Efficiency, % 84.2 84.2 85.7 84.5 
Total losses, W 70.8 138.1 62.7 135 
Mechanical power, W 386 754 386 754 
Electrical power, W 448 877 440 874 
Copper losses, W 48 94.2 37.6 83.3 
Stator core losses, W 9.1 21.8 11 29.1 
Rotor core losses, W 4.1 6.5 4.5 7 
Magnet losses, W 0.4 0.8 0.4 0.8 
Duty cycle 0.205 0.425 0.297 0.672 
Minimum torque, N∙m 0.081 0.089 0.0623 0.171 
AMinDT, N∙m 0.175 0.311 0.193 0.229 
PPTR, N∙m 0.381 0.668 0.374 0.602 
PPTR, % of the average value 149 167 146 150 
Objective function F2 0.00801  0.00601 
 
5. Conclusions 
This paper describes the design optimization of a high-speed single-phase flux reversal motor 
with asymmetric rotor. The optimization criterion was selected to maximize the efficiency, to reduce 
Figure 18. Losses for both FRMs in two modes.
s ca e see fr able 6, after changing the target functi , it as ssi le t si ifica tl
i crease t e efficie c of t e b i creasi t e slot area an re ci t e losses i t e i i
(Fig re 10). I a itio , t e ri le of t e torq e i the rated ode decreased by 11%. e target
f cti 2 . ti s fter t e sec ti izatio .
Appl. Sci. 2020, 10, 6024 14 of 17
Table 6. The FRM characteristics before and after the second optimization.
Parameter After First Optimization(Figure 3b)
After Second Optimization
(Figure 11)
Speed, rpm 14,400 18,000 14,400 18,000
Current, A (RMS) 6.06 8.48 4.44 6.61
Efficiency, % 84.2 84.2 85.7 84.5
Total losses, W 70.8 138.1 62.7 135
Mechanical power, W 386 754 386 754
Electrical power, W 448 877 440 874
Copper losses, W 48 94.2 37.6 83.3
Stator core losses, W 9.1 21.8 11 29.1
Rotor core losses, W 4.1 6.5 4.5 7
Magnet losses, W 0.4 0.8 0.4 0.8
Duty cycle 0.205 0.425 0.297 0.672
Minimum torque, N·m 0.081 0.089 0.0623 0.171
AMinDT, N·m 0.175 0.311 0.193 0.229
PPTR, N·m 0.381 0.668 0.374 0.602
PPTR, % of the average value 149 167 146 150
Objective function F2 0.00801 0.00601
5. Conclusions
This paper describes the design optimization of a high-speed single-phase flux reversal motor
with asymmetric rotor. The optimization criterion was selected to maximize the efficiency, to reduce
the torque ripple, and to avoid the negative torque in a wide range of powers at the fan load (quadric
dependence of torque on speed). Two operating modes are considered. A one-criterion Nelder–Mead
method is used to optimize the motor design.
After two stages of optimization, the peak-to-peak torque ripple in the FRM in the rated loading
mode decreased by 1.7 times, and in the mode with reduced load, by 2.7 times. In addition, in the FRM
before optimization, the torque has sections with negative values, and in the FRM after optimization,
the torque is positive over the entire electric period. Although losses in the rated mode increased by
4%, when underloaded, they decreased by 11%, which creates an additional advantage for applications
that work most of the time with underload.
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